Abstract-A discussion of minimum possible antenna quality factor ( ) is first presented in the paper. Based on the spherical wave function theory, the maximum possible ratios of gain to for both directional antenna and omnidirectional antenna are examined and new upper limits for both cases have been obtained. Universally applicable numerical results and some related discussions are also included in the paper.
I. INTRODUCTION
T HE study of physical limitations of antenna can be traced back to Chu's work published in 1948 [1] . Chu has derived the minimum possible antenna quality factor (denoted ), maximum gain, and maximum possible ratio of gain to for a linearly polarized omni-directional antenna using the spherical wave function expansion outside the smallest sphere enclosing the antenna. A lot of related studies have been done since then [2] - [19] . The antenna is the ratio of the time averaged stored energy around the antenna to the radiated power and is generally defined as (1) where and are time averaged stored electric and magnetic energy around the antenna and is the radiated power. A general study of antenna was given by Fante in 1969 [3] . Fante's approach is based on the spherical wave function expansion for the electromagnetic fields outside the smallest circumscribing sphere of the antenna, along with Collin and Rothschild's idea that the stored energy can be obtained by the difference between the total field energy and the asymptotic limit of the energy density at infinity [4] . The antenna resulting from the spherical wave function expansion method is lower than the real value since the stored energy inside the sphere has been totally ignored in the calculation. Therefore the so obtained is actually the minimum possible value or the lowest theoretical limit and any energy stored inside the sphere will increase the . A reasonable quantity characterizing the antenna would be the product of antenna gain and bandwidth, or the ratio of antenna gain to antenna for a high antenna as the antenna bandwidth is inversion of antenna [5] if is very high. Chu has shown that the maximum ratio of gain to on the equatorial Manuscript 
where is the first associated Legendre polynomial, and is the quality factor of th modes and is a function of , with being the wavenumber and the radius of the smallest sphere enclosing the antenna. Chu's theory is only for an omnidirectional antenna and is based on the equivalent ladder network representation of the wave impedance of each mode and the stored energy in some elements has been neglected. Hence the above limit just holds approximately.
An analysis of the maximum ratio of gain to antenna for a directional antenna has been given by Fante [17] . By assuming that the maximum field strength occurs at ( , ) in a spherical coordinate system and the radiated field has only a -polarized component, he has obtained the following compli is the associated Legendre polynomial; is a constant; and are defined in [3] and they are functions of only. The above limit is, however, not correct. Actually the maximization of the ratio of gain to is an optimization process subject to certain constraint, which comes from the conditional nature of the definition of antenna . In Fante's approach this constraint is totally ignored. To pinpoint the error in Fante's analysis, we cite the expression for the ratio of gain to from Fante's paper as follows ( [17, eq. (17) ]):
where and are the coefficients of the spherical expansions of the fields and (4) Now the coefficients and will be adjusted to maximize the ratio of gain to . Assuming (thus the upper expression of (4) is assumed to be larger than the lower one and should be chosen), Fante has shown that the ratio of gain to 0018-926X/03$17.00 © 2003 IEEE will reach maximum if the coefficients and satisfy ( (19) in [17] ) (5) In deriving the above equation Fante did not put constraints on and , which is necessary since the antenna is defined conditionally. In other words, and must be confined to a permissible region such that the assumption will hold during and after the optimization process. Otherwise and might fall outside the permissible region to yield , leading to an illogic result. To check if the optimized coefficients given by (5) are still within the permissible region after optimization, we can substitute (5) into (11) and (12) in [17] , which gives the stored electric and magnetic energy as follows: (6) By direct numerical calculations, it can be found that , which contradicts the assumption that . This fact can be easily seen analytically from the above equation when is very small since in this case [3] . Therefore, and have fallen out of the permission region after optimization and Fante's limit is incorrect. For example a simple calculation shows that and for , and the stored magnetic energy is about 100 times higher than stored electric energy in this case. Similarly, if the lower expression of (4) is chosen Fante's approach will also lead to a contradiction. Furthermore (5) shows that the and modes are not equally excited under optimized condition, which means either or modes will occupy a dominant position for an arbitrary directional antenna, leading to a situation, which cannot be physically explained.
In this paper we will examine the maximum possible ratio of gain to when the antenna geometry and excitation are arbitrary. As the antenna is of fundamental importance, a discussion of minimum possible antenna will be introduced first. In Section III we will derive the maximum possible ratio of gain to for both directional antenna and omni-directional antenna based on the spherical mode theory. It will be shown that Chu's limit in (2) can be pushed to a higher value for an omni-directional antenna while the maximum possible ratio of gain to for a directional antenna is totally new.
Since we will use the spherical wave function theory extensively in the paper, some basic relations will be cited here for reference. In a spherical coordinate system ( , , ), the electromagnetic fields outside a sphere enclosing an arbitrary antenna can be represented by spherical wave functions propagating radially outward [e.g., [20] ] (7) where the subscript denotes the transverse fields (only the transverse field components are explicitly needed in the following), and { , } are orthonormal vector basis functions defined by and , in which is the unit vector in the radial direction, or for and respectively, , , and or 2 for and respectively, . In (7) indicates the derivative of with respect to its argument, is the spherical Hankel function of the second kind. The radiated power, the stored electric energy and magnetic energy outside the sphere are found to be (8) where and are electric and magnetic field respectively, and is the dielectric constant.
II. MINIMUM POSSIBLE ANTENNA
Because its clear physical implication, the quality factor has been an important parameter in various branches of physics. An antenna with high will produce a large amount of stored energy around it, which then results in high heat loss and means narrow bandwidth. So in most cases a low antenna is preferred. Assuming that the antenna lies within a smallest circumscribing sphere of radius , the general expression for antenna can be obtained from (8) as [3] 
where ;
. The plots of and show that they are strictly monotonically decreasing functions of . Some important properties of and are (1) ; (2) ; and (3) . Now to minimize by adjusting and we assume that the first expression of (9) is the largest. To insure that the first expression of (9) is always larger than the second during the optimizing process, we need to impose a constraint on the coefficients and . This can be achieved by assuming . Under this condition, we obtain where since . The right hand side of the above expression can be minimized by setting or . Therefore the minimum possible is found to be (10) which can be achieved by setting and . If the second expression in (9) is the largest the exactly same result can be obtained by interchanging and . Therefore, the antenna will attain the lowest if and modes are equally excited. The existence of a lower bound for antenna means that the stored energy around antenna can never be made to be zero or arbitrarily small. If the antenna only radiates modes or modes, then either or will be zero, and in both cases it can be shown that the minimum possible is given by .
III. MAXIMUM POSSIBLE RATIO OF GAIN TO
In most applications we need to maximize antenna gain and bandwidth (i.e., to minimize the for a lossless high antenna) simultaneously. Therefore the optimization of the ratio of the gain to is more important from the practical point of view. Obviously the optimization of the ratio of the gain to will yield a greater minimized than the minimum possible discussed previously since it demands the gain to be maximized at the same time. In this section we assume that the antenna geometry and excitation are arbitrary and we will derive the new upper limits for both omni-directional antenna and directional antenna in this general situation. Since antenna is defined conditionally as shown in (1) the optimization of ratio of gain to is subject to certain constraints.
A. Maximum Possible Ratio of Gain to for a Directive Antenna
We assume that the antenna is placed in a spherical coordinate system ( , , ) and enclosed by the smallest circumscribing sphere of radius . By definition the directivity is (11) Now, the spherical coordinate system can be oriented in such a way that the maximum radiation will be in the direction. It is easy to find that only contributes to the field in direction. In this case the transverse fields in the direction of can be expressed as Note that all the field components should be included when dealing with an arbitrary current distribution. For simplicity we can choose in the following. The radiation intensity is found to be (12) It follows from (8), (9) , (11) and (12) that (13) where (14) Only and contribute to the numerator of (13), so the ration in (13) can be increased by setting for . Thus (13) where the new notations are defined by , , , , and (16) We note that the denominator of (15) depends only on the magnitudes of and . If we adjust the phase of and such that they are in phase to maximize the numerator the denominator will not change. Therefore (15) can be rewritten as (17) Now, we assume that the upper expression of (16) is larger than the lower one. To guarantee that the upper expression of (16) is always larger than the lower expression in the optimizing process, we can apply the constraints that , , which is similar to what we did in obtaining minimum possible . Under this condition the ratio in (17) The ratio of gain to attains the maximum if , or (19) where is an arbitrary constant. The above condition shows that the and modes must be equally excited to achieve the maximum possible ratio of gain to , which is in agreement with the condition for minimizing . From (18) the maximum possible ratio of gain to for a directional antenna will be . Thus we obtain the following upper limit (20) Under the above-optimized condition, the (minimized) and (maximized) gain are found to be (21) Here, we use the superscript "min" to indicate the fact that has been actually minimized with the constraint that the antenna gain must be maximized simultaneously. Similarly a superscript "max" is used to indicate that has been actually maximized with constraint that the antenna must be minimized at the same time. Note that the minimized antenna is generally higher than the minimum possible in (10) , since the latter is obtained without any constraints. The exactly same results as (20) and (21) can be obtained if the lower expression of (16) is the largest.
B. Maximum Possible Ratio of Gain to for an Omni-Directional Antenna
Next, we assume that the antenna pattern is omni-directional. Since the field is independent of , the vector basis function in (7) can be chosen as and . The transverse fields produced by the antenna can then be written as Again, all the field components should be included for arbitrary antenna geometry and excitation. In the following we let . The ratio of gain to for the omnidirectional antenna may be found to be (22) where The first term in the numerator of (22) represents the contribution from the modes and the second term represents the contribution from modes. Similarly only and contribute to the numerator of (22), so the ration in (22) can be increased by setting for and . Introducing the new notations , , we obtain (23) where (24) We note that the denominator of (23) (24) is the largest the above ratio will be Similarly, to guarantee that the first expression of (24) to be always the largest during the optimizing process we may assume that . Under this condition the above ratio can be maximized by setting . In this case we have (26) where , , , and . The ratio will reach maximum if or (27) From (26), the maximum possible ratio of gain to for an omnidirectional antenna is . Thus, the new upper limit for an omni-directional antenna is given by (28) Under the optimized condition the corresponding (minimized) antenna and the (maximized) gain are given by (29) respectively. It should be notified here that all the series in the above converge absolutely. Therefore there is no need to artificially truncate them as it has to be in optimizing antenna gain [1] , [16] . In Chu's approach the quantity did not occur since he only considered either or modes. Actually if the antenna is only linearly (vertically or horizontally) polarized then either or will be zero in (25), and in this case, we obtain which is slightly different from Chu's approximate limit in (2). This difference comes from the approximations made in Chu's theory [1] , [3] . Since is very close to for most these two limits should be very close as well. In addition, the new limit we obtained here is generally higher than Chu's limit. Especially when is very small we have , thus
i.e., the new limit can be twice as much as Chu's limit for a small antenna.
IV. FUNDAMENTAL LIMITATIONS OF SMALL ANTENNAS
With the miniaturization of electronic devices, the reductions in antenna size and profile are being continually demanded. A question that is frequently asked is how small an antenna can be made while at the same time to maintain a good performance (i.e., the highest gain and bandwidth at same time). This question, which has never been fully studied before, can be answered based on the above theory.
For a small antenna with , the above-optimized limits can be greatly simplified. In this case we have , and only the first term in the series will dominate. The optimized quantities obtained in previous section may be approximated as It can be seen that for a small antenna the maximum ratio of gain to and minimum possible can be achieved simultaneously. For both directional and omni-directional antennas, the minimized is the same as the minimum possible obtained in Section II. It should be notified that (31) are also approximately applicable for large (see Section V). The last expression of (31) is actually the directivity of an infinitesimally small dipole. Therefore an omni-directional antenna that can achieve the broadest bandwidth will have the same directivity as an infinitesimally small dipole, which agrees with Chu's theory [1] . It should be pointed out that an infinitesimally small dipole itself has an extremely narrow bandwidth since its real would be much higher than the minimum possible (mathematically it should be infinity). Also note that , which is physically reasonable. The above relationships are the best overall performances an small antenna can achieve and they can be used to determine the smallest possible antenna size once the required antenna bandwidth is given and vice versa. For example, let us consider an omnidirectional antenna. From the above formulas we may find on the equatorial plane and , which is approximately equal to the lowest possible value of . Therefore the maximum possible fractional bandwidth for a omnidirectional antenna will be . If the operating frequency is 900 MHz, this means that the maximum possible absolute antenna bandwidth will be 81 MHz. On the other hand if the operating frequency is 900 MHz and the required absolute bandwidth is 100 MHz we have or . From the second expression of (31), we obtain that the antenna size must be greater than .
V. UNIVERSALLY APPLICABLE NUMERICAL RESULTS AND DISCUSSIONS
To see the best antenna performances when is large, the maximum possible ratio of gain to , the maximized gain and minimized will be depicted below. The plots of , and are shown in Fig. 1 and they are all strictly monotonically decreasing functions of . In general we have , which means that an optimized directional antenna is likely to have higher stored energy than an omni-directional antenna of the same size. It can be seen that the difference between them is insignificant, especially when is relatively small . In addition we have , which proves that the second of (31) also holds for large .
The plots of and are shown in Fig. 2 and they are all monotonically increasing functions of . It can be seen that is always larger than . The reason for this is that a directional antenna has the potential of achieving a higher gain when is kept about the same level. Fig. 3 shows the plots of and . Again they are all monotonically increasing functions of . Note that increases very slowly with , which demonstrates that the last expression of (31) approximately holds for large .
The above curves are universally applicable and very useful. They can be used to determine the best overall performances once the maximum antenna size is given or to determine the smallest possible required antenna size to get the best overall performances as we have discussed in Section IV for small antennas.
It is well known that there is no mathematical limit to the gain that can be obtained from currents confined to an arbitrary small volume. But a small sized antenna with extremely high gain will produce high field intensity in the vicinity of the antenna, which results in high heat loss or high stored energy. By artificially truncating the spherical wave function expansions of the fields to the order , Harrington has shown that the maximum gain obtainable is [16] . Although Harrington obtained this result by considering a linearly polarized source it can be easily proved that this result generally holds for an arbitrary current source. Hence as increases (equivalently the antenna complexity increases) the maximum gain in- creases. Since the magnitude of the spherical Hankel function decreases very slowly for and very rapidly for , the approximate transition point can be considered to be the point of gradual cutoff [19] . The normal gain is often introduced and defined by letting [1] , [16] , [18] , [19] , i.e.,
. Any antenna having larger gain than the normal gain has been called supergain antennas. It is believed that the supergain antenna will result in high and therefore is not very practical and the normal gain is the maximum gain achievable without incurring high . The plot of is shown in (7) .
Obviously the definition of the normal gain or supergain is kind of ambiguous since the cutoff point is an approximate transition point and in addition the is not clearly specified. Indeed it is possible to build an antenna, which has higher gain than while the is kept very small. Actually it can be seen from Fig. 3 that if is relatively small both and will be larger than the normal gain while the antenna is approximately equal to the minimum possible value as shown in Fig. 1 . Therefore the above statement that the normal gain is the maximum gain achievable without incurring high is not true, and a more reasonable definition for the normal gain is needed to maintain its original meaning. It is evident that the value of should be specified in the definition of the normal gain, which is then determined by how much we are willing to tolerate in various applications.
